Abstract: This paper deals with the problem of PID design for continuous-time systems with time delays. The system is assumed to be free of parametric disturbances and affected by a time-invariant discrete delay of known magnitude. The robustness of the PID control with respect to structured uncertainties is investigated with the small-gain theorem and better performance is sought through the minimization of an upper bound to the closed-loop system H ∞ norm. A Lyapunov-Krasovskii type functional is used yielding delay-dependent design conditions. The controller design is accomplished by means of a convex optimization procedure formulated using linear matrix inequalities (LMIs). Numerical experiments are provided to illustrate the main characteristics of the proposed design method. The particular case of a recycle process controller is addressed.
INTRODUCTION
PID controllers are one of the most important control structures found in practice. The wide range of applications that are tackled by this kind of controllers, along with many algorithmic and structural innovations, make PID the most popular controller in industrial practice. Therefore, many PID controller tuning methods have been introduced. For example, the ZieglerNichols (ZN:Ziegler (1942) ), Cohen-Coon (Asröm (1995) ) or even tuning rules based on neural networks (Madhuranthakam (2006) ). Furthermore, research has been made on self-tuning PID parameters, H ∞ control and robust design (Hara (2006) ). Due to their popularity, there are important research fields that might be of interest such as the treatment of time delays for different transfer functions and parametric uncertainty or hybrid dynamic systems (Hohenbichler (2009) ). In this paper we address some relevant problems on PID design, such as time delay and structured uncertainties.
As many industrial processes may be successfully approximated by a second order time-delayed transfer function, this work focus on such systems. Particularly in chemical process industries the majority of control loops is of the PID type over second order modeled plants (Madhuranthakam (2006) ) or temperature control as in (Grassi (2000) ). There are several works where this model structure have been proposed, for example: (Shamsuzzoha (2008) ), (Martelli (2009) ) and (O'Dwyer (2001) ).
A numerical procedure to obtain a whole set of PID parameters is researched here. The main goal is to ensure stability of the feedback system providing to the designer a reasonable range of possibilities to speed up the system response without a stability sacrifice. In order to do this, the second order process with time delay is conveniently written through an augmented state space representation. The problem is then reduced to an LMI feasibility problem that might be solved with a number of different softwares.
This work is organized as follows: Section 1 states the problem and provides some preliminary results, useful to prove the main contributions of this work. Section 3 presents the PID controller design method. The performance of this controller is illustrated by means of examples in Section 4. Finally some conclusion and future research issues are drawn in Section 5.
Through this paper, matrix inequalities such as A < 0 (A > 0) are used to indicate that matrix A is negative (or positive) definite. The notation " " is used to indicate symmetric block within a matrix inequality. Identity matrix and null matrix are represented respectively by I and 0.
PRELIMINARIES AND PROBLEM STATEMENT
Consider the second order nominal process
where b 1 , b 0 , a 1 and a 0 are the system parameters, τ is the constant time-delay and the polynomials in the variable s are coprime.
An augmented state space representation of system (1), with
, where x 1 (t), x 2 (t) and x 3 (t) = y(t)dt are the state variables, is given by Fig. 1 . Feedback Connection Structure.
with
An ideal PID controller, with transfer function
is investigated here. Even thought the derivative term presents poor properties when used over noisy signals and, in practice, a filter should be added to this term in the transfer function, the authors focus on this ideal approach as a initial point which should lead to further investigation on PI or PID with filter controllers.
The parameters of C(s) are obtained by the following control law
Rewriting equation (5) as u(t) = KFx(t) (6) with
where A d = BKF. The input w(t) was added in order to study the robustness of system (2) and the controller subject to structured uncertainties modeled by
where ∆(s) is a causal transfer function with bounded H ∞ norm. Fig. 1 illustrates the feedback connection.
The complete transfer function G uy (s) from the control input u(t) to the output y(t) is given by:
The problem to be dealt with can be stated as follows. Problem 1. Find the gains k p , k i and k d of the PID controller (4), such that the closed-loop system (7) is asymptotically stable for any ∆(s) with ||∆(s)|| ∞ < c.
Before proceeding with the solution of Problem 1, some previous results are needed. Lemma 1. (Small Gain Theorem (Zhou (1996) )). Let H wy (s) be the transfer function of the closed-loop system (7). If
then the feedback connection shown in Fig. 1 is stable. Lemma 2. ((Gu (2000))). For any constant matrix
that the integrations in the following are well defined, then
In order to obtain delay-dependent design conditions, consider the Lyapunov-Krasovskii type functional
Using Lemma 2, the integral term in the right-hand side of the above expression can be replaced by a lower bound 1
The asymptotic stability of system (7) can be guaranteed by the next lemma. Lemma 3. If there exist matrices P = P > 0 and
The proof of Lemma 3 follows from standard steps of linear time-delay systems involving the bounded real lemma and the above defined functional v dd (·), i.e. by imposingv dd + y y − γ 2 w w < 0. Note that the feasibility of matrix inequality (11) implies that the closed-loop system has an upper bound γ = µ 1 2
to the H ∞ performance and, in accordance with Lemma 1, the feedback connection shown in Fig. 1 is stable.
Lemma 3 provides a design condition with nonlinear terms involving the gains of the PID to be determined. The main purpose hereafter is to obtain a convex procedure, expressed in terms of LMIs, to face Problem 1 by solvers as SeDuMi (Sturm (1999) ) interfaced by the parser YALMIP (Löfberg (2004) ).
MAIN RESULTS
Theorem 1. If there exist symmetric positive-definite matrices R, M ∈ IR 3×3 and a matrix L ∈ IR 1×3 such that, for a given
then the closed-loop system (7) is asymptotically stable for any ∆(s) with ||∆(s)|| ∞ < µ − 1 2 . The PID parameters are given by
where
Firstly, consider the following change of variables
Then, using (14), multiply inequality (12) to the left by T and to the right by T, with
in order to obtain LMI (11).
Lastly, the PID parameters can be determined using the change of variable L = KFR. Remark 1. In order to obtain valid PID parameters, it must be taken into account that matrix F is nonsingular. In other words, it must be true that det{F} = b 0 2 − b 0 b 1 a 1 + b 1 2 a 0 = 0. It can be shown that this is always the case whenever the polynomials in equation (1) are coprime. Remark 2. Note that the PID parameters, obtained by (13) must have the same sign. This is because in industrial applications the PID parameters must always be positive. In the case all parameters are negative, the PID action will be performed to the positive error between the desired output y d (t) and the real output y(t) of the plant. i.e. e(t) = y d (t) − y(t). The parameters for implementation of the controller are then −k p , −k i and −k d . Otherwise, the PID action will be performed to the negative error e(t) = y(t)−y d (t) and the implementation parameters will not differ from the ones in (13). Numerically, to ensure this sign constrain to all parameters, new restrictions may be added. For instance, the elements in matrix L may be forced to be all negative in order to obtain the desired results. Remark 3. To ensure fast performance of the controller, adjustments can be made to matrix A. To obtain a faster closed loop response, A can be replaced in (12) by A + δ I, where δ is a positive scalar representing the distance of the poles of the closed loop system to the origin. Remark 4. To the best of the authors' knowledge, the controller gain structure K = L(FR) −1 represents a new approach to the robust PID design problem. Whenever one has a minimal realization, what guarantees that F is nonsingular, Theorem 1 can be applied to find a PID controller that stabilizes system 1. Corollary 1. The minimum µ attainable by the conditions of Theorem 1 is given by the convex optimization problem min µ s.t. (12)
NUMERICAL EXAMPLES
Example I: Consider the following uncertain system:
where α is an unknown scalar such that |α| ≤ α max , that can be interpreted as a measurement error in the system parameters. If we consider Fig. 2 . For simulation effects, it has been considered that α = 0.9α max throughout the simulation. It can be seen that, despite the structured uncertainties and the process delay, the closed loop system response can be regarded as satisfactory. Note that all elements of matrix K are positive. In consequence, the PID action needs to be performed over the negative error defined as e(t) = y(t) − y d (t) and the PID parameters are:
Example III: Ziegler Nichols Comparison
Consider the transfer function
where α is an unknown scalar such that |α| ≤ α max . Equation (18) can be rewritten as equation (16) From the nominal transfer function of the system in the form of (1), the problem of design of a PID controller can be tackled with the Ziegler Nichols method. The gain margin of the nominal system is GM = 0.5206 at frequency ω cg = 0.3106.
With this values, a ZN-PID controller can be obtained so that
This procedure does not take into account the information on the uncertainties described by α, yielding a unique possible solution.
As in the previous examples, the proposed method of design can be applied. With a tuning parameter of δ = 0.03, a set of PID parameters is given by The step responses of the three different controllers are presented in Fig. 3 . For simulation effects, it was considered that α = 0.9α max . It can be seen that the different configurations give similar responses. To ensure a fair comparison of the transient responses, the integral of the time-weighted absolute error (ITAE) criterion was considered. The ITAE can be defined as Furthermore, the overshoot (OS) of the responses will be calculated as follow:
Settling time (T s) is calculated so that the output signals reach a band of 5% of the desired value. Rise time (Tr) is the time that takes to the output signals to reach a 63% of their stationary state value. The results of these simulations can be found in Table 1 .
It can be seen that both designed controllers provide better results comparared to the ZN controller. In both cases a reduction of the ITAE and the OS is achieved in comparison to the ZN case. Even though the Tr is similar in all three cases, the T s is considerable smaller when δ = 0.04.
Example IV: Recycle Compensator
Consider the recycle system with compensator and PID controller shown in Fig. 4 . The forward and recycle transfer functions are given by
A recycle compensator is added to simplify the control of the system. However, the delay of the recycle transfer function is approximated as a first order Padé function in the compensator. This is a source of uncertainty for the controller. The compensator transfer function is as follows For different controllers given by different values of δ , the step response of the described system is shown in Fig. 6 . As in the previous examples, it can be seen that the proposed design method can lead to different controllers with different dynamics according to the problem to be faced.
CONCLUSION AND FUTURE WORKS
In this work, a novel approach to the robust PID design problem is proposed. The design procedure is described as a convex optimization problem with LMI constraints, that can be faced by well known LMI solvers. The use of a new structure for the controller gain makes possible to deal with time delays and structured uncertainties, as illustrated in the examples, which include an application to the design of industrial recycle compensators.
